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(12)
Using Eqs. (6) and (10), we get

(i)cq1
2 (14).

The time rate of change of heat flow obtained from Eq. (8), is
^ = (i)c(^! 42 + 4! «J2) (1 - x/q2)2 + cqt 42(x/q2)(l - x/q2) +

PLq2 (15)
and

3H/dq2 = (tocqid-x/qtf + cqMqtHl-x/qj + pL (16)
Substituting Eq. (15) in Eq. (11) and Eq. (16) in Eq. (12), it gives
D

(17)

(18)

(19)
The Lagrangian equation, Eq. (9), in the generalized coordinate

q2, becomes

dD/dq2=(q2q

and

(20)
Using Eq. (6), the boundary condition, Eq. (4), is given by

h(Tf-qi)-k(qi/q2) = Q (21)
Use of this boundary condition, Eq. (21), at the surface, provides
an additional relation between the generalized coordinates and
thus reduces by one the number of differential equations of the
Lagrangian type. We now nondimensionalize Eqs. (20) and (21)
by defining the following quantities

r = h2Tft/pLk
r\ = hq2/k
P = cTf/pL

Equation (21), in the dimensionless form, gives the surface
temperature

Equation (20), in the dimensionless form, after simplification,
becomes

rj^A^rj3 + A2rj2 + A3r] + A4] = B±r\2 + B2r\ + B3 (23)
where

Al = 16/?2 +80^+120 B, = 40(0 + 3)

A3 = 100)5 + 360 £3 = 120
A4 = 120

Solution of Eq. (23) gives the melting rate

[.(l/2Bl)(A3-AlB3/Bl)-(B2/2Bl)(A2-A1B2/B1)'\:

(B2
2-2BlB3)/2B1

2-(B2/2B1)(A3-AlB3/Bl)]x
(2/(4B,B3-B2

2)l/2)x

*3-fl2
2)] (24)

It can be easily seen that for very high latent heat (L-» oo,
-* 0), Eq. (24) reduces to

This is the same equation as obtained by Goodman,6 for the
melting rate, using the heat balance integral method Results for
surface temperature-time history <D(i) and the melting rate f/(i)
for different values of /? are plotted in Figs. 1 and 2, respectively,
and compared with Goodman's solution.

It is concluded that Biot's variational method is applicable to
the phase-change problem with aerodynamic heating. The
simplicity of the method lies in using only a linear temperature
profile, yielding satisfactory results.
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Compressibility Effects in Unsteady
Thin-Airfoil Theory
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Nomenclature
b = semichord
C(k) = Theodorsen function
/(M) = function of Mach number, denned by Eq. (8b)
g = kernel function denned by Eq. (7b)
h = kernel function defined by Eq. (8b) or Eq. (10)
Jn = Bessel function
k — reduced frequency, wb/U
/c* - k/p2

L = lift
M — Mach number
J( = moment about midchord
P = pressure
S(k) = Sears function
t = time
U = free stream velocity
w = upwash

= axial coordinate
= coordinate normal to freestream
=<1-M2)"2

y = Euler's constant
e =Mk
0 = -cos"1*
p = freestream density
(p = —cos"1 .KJ
</> = velocity potential
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fc* = k/p2

Fig. 1 Coordinate system
for airfoil problem.

co = circular frequency

Subscript
os = Osborne

Superscript
* = transformed variable, defined by Eq. (6)

Introduction

IN a recent article, Osborne1 presented an analytical
approximation for the lift of an airfoil in a two-dimensional

compressible subsonic flow with an imposed upwash which is
sinusoidal in time (see Fig. 1). This solution was an attempt to
include compressibility effects and was derived on the assumption
that (e/P2)2 <£ 1, where £ = kM is the product of the reduced
frequency k and the Mach number M. (This product kM is
proportional to the ratio of the airfoil chord to the acoustic
wavelength.) However, Miles2 has raised questions concerning
the validity of applying the solution procedure used by Osborne
to two-dimensional airfoil problems which have shed vorticity
downstream. For this problem Miles3 presents a solution which
is an expansion for small values of k, neglecting terms of order
k2 and higher. (By order kn we also imply order k"\ogk
throughout this Note.) The present Note examines the relation
between the solution of Miles and that of Osborne. Also, by
manipulation and modification of the Miles solution, an
expression for the lift of an airfoil entering a Sears-type
(spatially as well as temporally sinusoidal) gust in compressible
flow is obtained. This result appears to be a significant
improvement over both Osborne's result for this particular case
and the original result of Miles when comparison is made with
exact numerical solutions.4'5

The Osborne Solution

The equation for the perturbation potential c/>(x, y, t) is

and the boundary conditions in the y = 0 plane are2

0 = 0 x^ -1

(d(j)/dy) = bw(x)eia* - 1 < x ̂  1 (2)

The coordinates x and y have everywhere been nondimension-
alized with the semichord b. A sinusoidal time dependence el(0t

has been assumed and w(x) represents the upwash distribution
induced by the airfoil.

By transforming the coordinates and time according to the
relations

Eqs. (1) and (2) become
(V,/-J

d<l>*/dY = (w*/k*)eiT

where

t^(T-kM2X/p2)/a)

= 0

X>\

(3)

(4)

(5)

(6)
4>*(X.Y.T)-(p2/a>b2)<l>(x,y,t)

When cast in this form it will be noted that except for the
factor M2k*2 d2(f>/dT2 appearing in Eq. (4), the formulation is
exactly that of an incompressible problem. The argument then
is that since Vx y

20* and d2(j)*/dT2 have been non-
dimensionalized to be of the same order in the vicinity of the
airfoil, the term M2k*2 d2(f>*/dT2 can be neglected compared to
Vx y

2</>* and the solution will still be accurate including terms
of order M/c*.

The solution for the pressure distribution on the airfoil
surface obtained through the similarity to the incompressible
problem is

Pos(x, t)=±

where

P w( — coscp) x

eiM2k*co*vg(9,(p,k*)d(p (la)

sm6
cos 9 —cos (p /c* sin (p In (7b)

The ± in Eq. (7a) refers to the upper and lower airfoil
surfaces, respectively. This result reduces to the proper incom-
pressible result [quoted in Ref. 6, Eq. (5-19) for example] when
M-+0.

The Improved Solution

For three-dimensional (finite span) problems, Miles2 gives an
approximation procedure which is essentially the same as that
described in the preceding section. In attempting to apply this
procedure to two-dimensional problems, however, he states that
"the solution for $ would involve integration over the infinite
span, and this integration generally would not be commutative
with the assumed expansion in powers of the frequency."

Because of this difficulty, Miles derived a separate solution for
the two-dimensional case. By expansion of Possio's integral
equation for the two-dimensional compressible airfoil problem
in terms of reduced frequency and neglecting terms of order k2

and higher, Miles derived the following relation for airfoil surface
pressure for the two-dimensional problem:

P(x,t)= ±—eitot\ w(-cos(p)h(9,cp;k*,M)d(p (8a)
np Jo

' where

NUMERICAL (EXACT) SOLUTION 4,5
OSBORNE SOLUTION; EQ. (14)
IMPROVED SOLUTION; EQ. (17)
ANOTHER POSSIBLE APPROXIMATION; EQ. (19)

Fig. 2 Real and imaginary parts of the lift for an airfoil passing
through a spatially sinusoidal gust, M = 0.6. Results normalized to 1

for k = 0, and gust referenced to airfoil leading edge.
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.sin (p In

2 cos0-cos</> 2

|_l-cos(0-<p)J +

- /c*x

1 -cos q>) cot-l + 0(/c*2) (8b)

(M2/2) In (M/2) - (M2/4) M <^ 1
y = Euler's constant = 0.5772 . . .

This result is the starting point for the result to be derived here.
One drawback of Eq. (8) is that it is accurate only for very

low reduced frequency. One can get an idea of its range of
accuracy by considering the small k expansion of the Theodorsen
function C(k) which is used in incompressible airfoil theory6 and
thus is related to the M = 0 limit of Eq. (8b).

C(k) = 1 - (nk/2) + ifcpn (fc/2) + y] + 0(/c2) (9)
Comparison with the exact values of C(k) shows that the
expansion given by Eq. (9) is accurate only for k < 0.1, and a
similar range is expected for Eq. (8b). However, in his derivation
Miles noted a similarity with the incompressible solution even
when M 7^ 0, a similarity which becomes apparent on compari-
son of Eqs. (8b) and (9). Neglecting no term of order lower
than k2, Eq. (8b) can be rewritten

*2) (10)

which constitutes the improved solution. This form for
h(6,(p;k*,M) becomes exact for all k when M-»0. This
statement would also hold true if the exponential in Eq. (10)
were written as

e//c*[M2-/(M)](cos«>-cos0) ^ l+j/c*[M2-/(M)](cOS(/>-COS0) (11)

which may be more convenient for computational purposes.
When written in the form of Eq. (10), however, one notes a close
similarity to the solution obtained by the Osborne analysis, i.e.,
setting/(M) = 0 reduces Eq. (10) [taken along with Eq. (8a)] to
Eqs. (7).

By manipulation of the Miles solution into this form, the
order of error has been reduced from /c*2 in Eq. (8b) to M2/c*2

in Eq. (10). This can be seen to be true from the following
argument. Based on the order of error given for Eq. (8b), the
order of error for Eq. (10) can be written as /e*2F(M) where
F(M) is some as yet undetermined function of the Mach
number. The fact that Eq. (10) becomes exact for M = 0
implies that F(M) -> 0 as M -> 0. It will be noted, however, that
only even powers of M appear in the problem formulation
given by Eqs. (3-6), and an expansion in M of the exact
solution would give only even powers such as M2n and
M2nlnM. Thus, F(M) is of order M2 and the order of error of
Eq. (10) is M2/c*2.

Sears Type Sinusoidal Gust

One case of particular interest is that of a sinusoidal gust
drifting with the freestream. For this case

w(x) = w0£>-** (12)
If this is substituted into Eqs. (7) obtained by the Osborne
analysis, the result is

/i_
fPos(x, t) = ± I7w0

The lift and moment are then
Los(t)= -(

(13)

(14)

(15)

On the other hand, if the improved solution, Eq. (10), is used
with Eqs. (8a) and (12), the following results accurate to order
M2k*2 can be derived :

P(x,t) = Pos(x,t)eik*^ (16)

JtM(t)e?»M (18)
These last three results were calculated by manipulating Eq. (10)
along the lines suggested by Eq. (11) to arrive at a more easily
integrable form while neglecting no terms of order lower than
M2k*2. Equations (16-18) point out the close similarity between
the Osborne solution and the improved solution.

It should be emphasized that these results are for two-
dimensional flow. Miles2'3 gives some discussion of the three-
dimensional effects and concludes that the anomalous two-
dimensional effects are important only for aspect ratios greater
than 10.

Equation (17) for the lift on an airfoil passing through a
sinusoidal gust is easily checked against available numerical
solutions.4'5 Figure 2 shows the real and imaginary parts of the
lift for a Mach number of 0.6. The solution has been normalized
to 1 for k = 0. It has also been multiplied by e~ik so as to
reference the gust to the airfoil leading edge rather than the
midchord, thereby removing the spiral nature of the curve and
making comparison between the various theories easier. It is
evident from this figure that Eq. (17) agrees quite well with the
numerical solutions for reduced frequencies smaller than 2, but
this solution deteriorates rapidly for reduced frequencies larger
than 2. The Osborne solution, however, is inaccurate above a
reduced frequency of 0.2. Since the Osborne solution differs from
Eq. (17) (the improved solution) only in phase, the Osborne
solution is relatively accurate in amplitude but inaccurate in
phase.

The accuracy of Eq. (17) should not be attributed solely to the
fact that the derivation was accurate to (but not including) terms
of order M2/c*2. For example, another solution can be con-
structed which is identical to Eq. (17) to this order, i.e.,

L(t) = Los(t)+ik*f(M)Los(t, k = 0) (19)
This expression is also plotted in Fig. 2 and it is obvious that
Eq. (19) becomes inaccurate at a much lower reduced frequency
than Eq. (17). One important difference between Eqs. (17) and (19)
is that Eq. (17) behaves as k~ l for large k while Eq. (19) goes as
k+1. It can be shown8'9 that the proper behavior for the lift at
large k is k~ 1. Of course, since Eqs. (17) and (19) are meant to be
accurate only for M2/c*2 <^ 1, they would not be expected to be
accurate for k > 1 ; but even though the constant multiplying
k~ 1 in the large k expansion of Eq. (17) is incorrect, the fact
that the lift given by Eq. (17) goes to zero rather than infinity
as k -» oo may partially explain why Eq. (17) remains accurate to
higher k values than Eq. (19).

Based on the results of Fig. 2, it appears that a reasonable
criterion for the applicability of Eq. (17) is

M/c* < 1 (20)
Thus, as might be expected, the present solution becomes
inapplicable when M — > 1. A solution for the transonic case has
been derived by Landahl.8 For high reduced frequency a solution
such as that given by Adamczyk9 for a semi-infinite flat plate can
be used.

Summary and Conclusions

Based on a previous solution of Miles an analytical expression
has been derived for the pressure, lift, and moment on a two-
dimensional airfoil encountering a sinusoidal gust in compres-
sible subsonic flow. The solution is closely related to the solution
of Osborne and appears to give accurate results in the range
M/c* < 1. The close agreement in this range with the numerical
solutions of Refs. 4 and 5 gives added confidence in the accuracy
of both the numerical solutions and the analytic solution
presented here.
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